Fill Ups of Mathematical Induction and Binomial
Theorem

Q.1. The larger of 99°° + 100°° and 101% is ................ (1982 - 2 Marks)

Ans. (101)>°

Sol. Consider (101)% — {(99)% + (100)%} = (100 + 1) — (100 — 1)% — (100)%°
= (100)% [(1+ 0.0 1)%° — (1— 0.01)® — 1]

= (100)% [2 (*°C1(0.01) + 5°C5(0.01)% +...) — 1]

= (100)% [2 (*°C5(0.01)* +...)]> O

= (101)% > (99)%° + (100)%

= (101)%° s greater.

Q.2. The sum of the coefficients of the plynomial (1 + x — 3x%)?% s ................ (1982
- 2 Marks)

Ans. -1

Sol. If we put x =1 in the expansion of (1+ x — 3x2)%163 = Ag + Aix + Ax? + ...
we will get the sum of coefficients of given polynomial, which clearly comes to be — 1.

Q3. If(1+ax)"=1+8x+24x*+.... thena=...... andn=........ (1983 - 2
Marks)

Ans.a=2,n=4
Sol. (1+ax)™=1+8x+24x° +...
= (1+ax)" =1+ nxa + 28D 22,

21

=1+ 8x+24x 2+ ...

Comparing like powers of x we get
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nax = 8x=na=8...(1)

2
@ﬂ;i = n(n-Da’=48....(2)

Solving (1) and (2), n=4, a=2

Q.4. Let n be positive integer. If the coefficients of 2nd, 3rd, and 4th terms in the
expansion of (1 + x)" are in A.P., then the value of nis .............. (1994 - 2 Marks)

Ans. 7

Sol. We know that for a +ve integer n (1 + x)" ="Co +"C1 X + "Co X% + ...... +"Cp x"
ATQ coefficients of 2", 3", and 4" terms are in A.P. i.e."Cy, "C2, "Cs are in A.P.

=2"Co="C1+ "C3

= 2x _n(nz— D =n+ nn-1) (n=2) _I;(H_ 2)

n2—3n+2 2
— n—l=l+T;‘tn —0on+14 =0

=(n-7)(n-2)=0=n=7or 2

th

But for the existance of 4™ term, n = 7.

Q.5. The sum of the rational terms in th e expansion of (24300 e
(1997 - 2 Marks)

Ans. 41

Sol. Let T, . be the general term in the expansion of

{ﬁ+3”5)]“

La =0 ¢ (D7 .3y (02r210)

_ 10! 5ri2 grlS
ri(l0-r)!

Let T ywill be rational if 25_1"'#2 and 31"-":5 are rational numbers.
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r r .
= 5—5 ﬂﬂdg are integers.

=r=o0andr =10 = T;and Ty, are rational terms.
_10 10 373 o2
= Sumof Ty and T{; = " Cp25 - 0.30 + ~"Cyp2” .3

=1.92.1+1.1.0=32+0 = 41
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Subjective questions of Mathematical Induction and
Binomial Theorem

Q. 1. Given that (1979) C1 +%Cox +3CaX® + ...cvovnn, +2n Conx?"~1=2n (1 + x)>" !
(2m) !

where Cr = ri@n—r)! r=0,1,2, ccooeerirrrinnnnn. , 2N

Prove that

C1?—2C2%+ 3C3%— i, —2nCzn® = (- 1)"n Cn.

Ans. Sol. Given that

Cy + 2Cox + 3C-3:{2 +ot 2nCopx M " lz2on 1+ %) (1)
2n!
T C =
where C, =)

[Cll'+ 0212"' cha+""+ Cinxh] E= [{1+ xf“ ]E

iy —
= Cyx + Cox” + C-SXS Foot Copx= = (1+x)22 1

= Cg + Cqx + Cox” + C-SKS + ot Copx® P = (1+ %)% ..(2)

Changing x by 1 we get
X

c In
= Cx¥ — G+ GxP - Gy (3)
+o+ 0, =(x-1)"

Multiplying eqgn. (1) and (3) and equating the coefficients of x>"! on both sides, we
get

—Cf+2C3-3CF +....+2nCs2

= coeff.of x2"1in 2n( x - 1) (x?- 1)>"1

= 2n [coeff. of x?"2in (x>-1) 2" — coeff. of x>t in (x2-1)>"1]
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=2n[1C (- 1]
= (- 1y 2ric,

= ¢ 203 +3C + . +nCy,°
—(-1y.2n>"1C, _ = (—D“n.(z;"-z“'lﬂn-l]

- ()"n2C, = (DG, (= #Ch=Cp)
Hence Proved.

Q.2. Prove that 72" + (23" ~3)(3"~ 1) is divisible by 25 for any natural number n.
(1982 - 5 Marks)

Ans.

Sol. P(n): 72"+ 2373 31 s divisible by 25 VneN .
Let us prove it by Mathematical Induction :

P(1) : 72 + 20.3% = 49 + 1= 50 which is divisible by 25.
~ P (1) is true.

Let P(K) be true that is 72 +23<3 3k is divisible by 25.
= 72K 4 23k3 3k = 25m where m €Z.

= 2%k-3 3k1=25m 72k ...(1)

Consider P(k + 1) : 72+ 1) 4 23(+1) _3 3k+1-1

— 72k .72 + 23k. 3k =49, 72k + 23 ) 3l23k73 ) 3k—1

=49. 7%+ 24 ( 25m — 7% (Using IH eq. (1))

=49. 77K+ 24 x 25m — 24 x 7%

= 25. 72+ 24 x 25m = 25 (72 + 24 m)

= 25 x some integral value which is divisible by 25.
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~ P(k + 1) is also true.
Hence by the principle of mathematical induction
P(n) istrue V neZ .

Q3. If(1+x)"=Co + Cyx + C2X2 + eeees + Cpx" then show that the sum of the products of

the Ci"s taken two at a timne,represented by > X6 s equal to

0%i<jSn

21 )L (1983 - 3 Marks)

nn?

Ans.

2

Sol. S=Y3 CiC;j
0<1<j<n NOTE THIS STEP
=S=Co(Ci+Co+C3+...+Ch)+C1 (C2+C3+...+ C)) + C2 (C3+C4 + Cs +.... Cp)
+.... Cn1(Ch)
= S =Co (2" Co) + C1 (2"— Co— C1) + C2(2" — Co— C1— C2) + ...+ Cn_1(2"— Co —
Ci1....Cn_1) + Cq (2" = Co— Ci.... Cn)
= S=2"(Co+Ci+Co+..+t Co_1+Cp)
~«(C3+Cl+C3+._.+CH-5

M 20!

@t T

Q.4. Use mathematical Induction to prove : If nis an y odd positive integer, then
n(n? — 1) is divisible by 24. (1983 - 2 Marks)

Ans. Sol. P(n) : n (n?>-1) is divisible by 24 for n odd +ve integer.

For n = 2m —1, it can be restated as P(m) : (2m —1) (4m?—4m) = 4m (m—1) 2m—1) is
divisible by 24 v m e N
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= P(m):m(m-1) (2m —1) is divisible by 6 ¥V m €N .
Here P(1) =0, divisible by 6.

~ P(2) is true.

Let it be true form =k, i.e.,

k (k-1) (2k-1) =6p

=2k3-3k?+k=6p ..(1)

Consider P(k + 1) : k (k + 1) (2k + 1) =2k3+ 3k? + k
= 6p + 3k? + 3k? (Using (1)

=6 (p +k?

= divisible by 6

~ P (k+1)isalso true.

Hence P(m) istrue V. m €N .

Q.5. If p be a natural number then prove that p" ** + (p + 1)?"~ ! is divisible by p? +
p + 1 for every positive integer n. (1984 - 4 Marks)

Ans. Sol. P(n): P"*1+ (p+1)*isdivisible by p?+p + 1
Forn=1,P():p?+p+1

which is divisible by p?+p + 1.

~ P(1) is true.

Let P(K) be true, i.e., p** + (p + 1)2k 1 is divisible by p?+p + 1
= pit+ (p + 1)

=(p?+p+1)m..(2)

Consider P(k + 1) : pk*2 + (p + 1)?*
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=p. pt+ (p+ 1 (p+ 1)?
=p[m@E+p+1)—(+1)* T+ (p+1)* Yp+1)?
=p@E*+p+lm-pp+1)* T+ (p+1)* ! (p*+2p+1)
=p(@E*+p+l)m+ (p+1)* Y(p?+p+1)

=(E*+p+ 1) [mp+(p+1)*=(p’+p+1)

some integral value

= divisible by p? + p + 1

~ P (k+1)isalso true.

Hence by principle of mathematical induction P(n) is true ¥ neN .
Q.6.Givens, =1+q + q2 Fovveene + Q3

2 n
Sn=l+q+l+[q+1] +““+(gT+l] ‘q#]PI‘ﬂVE that

2 2
mle oo o +mles + v e s, =27S, (1984 - 4 Marks)
Ans. Sol.
We have s, = lf;ﬂ (1)

_ I‘E_q?)m o (gany
() e

Now, ™C,+"1Cs +™1Cs,+ .+ ™IC _ s

1
- q[i|+].(:l]lllz:l__ll_:;‘.] +I'|+]. Czﬂ_qzj_i_l-i-l Csﬂ—q3)+....+

+.+" ¢ 1-¢""] Using (1)
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1 . +
- E[[H]CI +" 1C2+----+" ICH-I]

_1n+lcnlq+ﬂf| Clq.z +"_.+r!='l Cﬂ+lqn+1}

=1__IE|:2H+] -1)- [ﬂ+q}n+1 _1}]

- 2!!"'1 _{1+ q}n"-] -

-2 "5, [Using eq. (2)]

Q.7. Use meth od of mathematical induction 2.7" + 3.5" — 5 is divisible by 24 for all
n >0 (1985 - 5 Marks)

Ans.

Sol. LetA,=27"+35"-5

Then A1=27+35-5=14+15-5=24.

Hence A is divisible by 24.

Now assume that Am is divisible by 24 so that we may write
Am=2.7m+35M-5=24k , k €N ....(1)

Then Am+1—Anm

=2(7M*1 7™ + 3 (5M*1_5M _5+5

=2.7™(7-1) +3.5" (5 1) =12. (7" + 5"

Since 7™ and 5™ are odd integers V m € N, their sum must be an even integer, say 7™ +
SM=2p,p€EN.

Hence Am+1— Am=12.2p=24p
or Am+1= Am + 24p = 24Kk + 24p [by (1)]
Hence Am-1 is divisible by 24.

It follows by mathematical induction that A, is divisible by 24 forall ne N .
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Q.8. Prove by mathematical induction that — (1987 - 3 Marks)

@' _ 1
2"()* " @Bn+1)'?

for all positive Integers n.

Ans. Sol.

@ . 1
ZEN{"I)E - (3"_'_1)] /2

Let P():

2! 1

< <
21(1!}2 - (3+1)]|r1

Forn =1, PQ):

=

b | v

1
4

= which is true for n =1

11
2 2
Assume that P(k) is true, then

(2k)! 1
P(k)- <
® 22%kaen? T Gk+DY32

...(1)

Forn =k +1,

2k+D)  (2k+2)!
22Dk 4 1)1 - 2+ 2k 4 ) 1P
(2k +2)(2k +1) (2K)!
= 425 k412 (k1)
< Qk+2) Qk+D) 1
T 4+ Gk+D'2

[Using Induction hypothesis (1)]

(2k+1)
~ 2(k+1) Gk+)M2

» 2EV[RDF T 2a1) Gran)? O

Thus 2E+D) . (2k+1)

In order to prove P(k + 1), it is sufficient to prove that
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(2k+1) e 1
2k+1) Gk+1Y?  Grea)l'? T

.(3)

Squaring eq. (3), we get

2k +1) o 1
4(k+123k+1) ~ 3k+4
=(2k+1)%2@k+4)-4k+1%@Bk+1) <0
= (4k? + 4k + 1) (3k + 4) - 4 (k% + 2k +1) (3k +1)< O
= {121<3 +28k? + 19k + 4) - [12k3 + 28k? + 20k + 4)< 0

=—-k=zo
which is true.
Hence from (2) and (3), we get

@k+2)! 1
22+ GR+41/2

Hence the above inequation is true for n = k +1 and by the principle of induction it is
true for all n eN.

In+l
Q.9. Let R = GB+1D™" 404 = R_[R], where [ ] denotes the greatest integer
function. Prove that Rf = 42" (1988 - 5 Marks)

4

Ans. Sol. We have 5/5-11=
55411

<1

Therefore 0<5y5-11<1
This gives us 0<(5v5-1)** <1 for every positive integer n.

Also I[S\E +]_‘]_)2"’+] - {Sﬁ_l 1}2n+]
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— 2[2H+1C1(5£}2H_11+ 2%103(5 ﬁ}zn—l_lli +
L+ 2n+l Ch+]112“+1]

= 2[.2]'!1'1 (:1{125}?!11_'_ El'l'l'].'u.-:r3 {115)“—1_1 13 +
L+ 2n+l Ch+]112“+1]

= 2k
..(1)

where k is some positive integer.

LetF _ (s 5 1121

Then equation (1) becomes R — F = 2k

> [R]+R-[R]-F=2k=[R] +f-F =2k
=>f-F=2k-[R] = f-Fisaninteger..
But0<f<1and0 <F<l1

Therefore -1 <f-F<1

Since f — F is an integer, we must have f—F =0

=>f=F
Now, Rf = RF =55 +1)2 (55 -1

Q.10. Using mathematical induction, prove that(1989 - 3 Marks)

meon Mo B LM W (ﬂ"fﬂ:lc .. .
Co G+ 7@ "G F o EC0 k¥ where m, n, k are positive integers,

andPCq=0forp<aq.
Ans.

Sol. Let the given statement be
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P(m,n):™Cy"Cr + "Q"Cy +...+ MO Cy =G
where m, n, k € N and PCq = 0 for p<a.
As k is a positive integer and P Cq = 0 for p<q .
~ k must be a positive integer less than or equal to the smaller of m and n,
We have k=1, whenm=n=1
PLDis ¢l +'qle =g=1+ 1= 2.
Thus P (1, 1) is true.
Now let us assume that P(m, n) holds good for any fixed value of mand n i.e.
"C"Cy + MO "Cpy +.+ MOy ="TC, (D)
mtlontle | milontlo o owile e
_mntle .(2)
Consider LHS
= MHCDHHCE " MHCIHHCI;—I + x m +1 Cknﬂcﬂ

=L ("Coy + ")+ ("G + " Q)" Chmy + " Cry)

+ (" +"C)("Cra + "Cra) + + (MG + "Cp). L
= G+ "G G+ "G+ A0 "G
+("C+ Q" Cr +7C) "Cry + . AT Ch 0L +7C)
("G G +MC "Cry TG GY)
+("Q C "G Cry TG G

+....+ mﬂi_zrrc] +m{:"1_1 }
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_ m+nck_1+m+nck N m—nck_z +m+nck_1 [Using [1}]

— m+n+lck+m+n+lck_l — m+rr+ECk

Hence the theorem holds for the next integers m + 1 and n +1. Then by mathematical
induction the statement P (m, n) holds for all positive integral values of m and n.

Q.11. Prove that

Co-2°C1+3°Co- v + (-1)" (n+ 1)’Cn =0, n > 2, where C, = "C;.

Ans. Sol. We know that (1 —x)" = Co — C1X + Cox? — Cax3 +....+ (— 1)" CpX"
Multiplying both sides by x, we get

X(1 —X)" = Co X — C1x? + Cox® — Cax* +....+ (- 1)" Cpx"*?

Differentiating both sides w.r. to x, we get
(L-X)"-nx(1-X)"-1=Co—2C1x +3Cox*>—4C3x® +...+ (- 1)" (n + 1) Cox"
Again multiplying both sides by x, we get
X(L—=X)"—nx2(L—-x)n—1=Cox—2C1x? + 3Cox3 —4Cax* +...+ (- 1)"(n + 1) Cox"*1
Differentiating above with respect to x, we get

L-x)"—nx (1-x)""1-2nx (1-x)""*+nx? (n—1) (1 —x)" 2
=Co—22C1X+32CoX2— 42 Ca X3+...4 (—1)"(n+1)2Cy X

Substituting x = 1, in above, we get

0= Co— 22Cy+ 32Cy— 42C3 +...+ (— 1)" (n + 1)2C,

Hence Proved.

7 3

H H

_+_
Q.12. Prove that 7 3
- 2 Marks)

M on
3 105 js an integer for every positive integer n. (1990
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Ans. Sol. We have

T .5 4.3
P(n): L P isan integer, V nEN
T 5 3 105

2.1
2

1
P(1): =
()2 34543153

1
5

15+21+70-1 105 :
=—— — -— =1aninteger
105 105

~ P(1) is true

Let P(k) be true i.e.

T 25 gl
ELELH K isan integer
7 5 3 105

7 5 3 105 7Y

m EN wera(1)
Consider P(k + 1) :

_ k4’ LE+D’ k)] (k4D
7 5 3 105

_ (k? + TkS +218° + 35k +35¢° + 212 +?k+l]
7

(%5 +5k* +108 +10k2 + 5k +1)

| 5 )

s [E‘ +3k23+3k+1] _G;;J

(.ﬁ:? o k]
=| —t—t
75 3 105
&S +3%° + 5k + 58 43k + k+ kY
11 2 IJ

£28 + 267 k207 +M]+[?+§+§_ﬁ

= m + some integral value + 1
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= some integral value
~ P (k+1)isalso true.
Hence P (n) is true V n €N, (by the Principle of Mathematical Induction.)

Q.13. Using in duction or otherwise, prove that for any nonnegative integers m,
n, r and k, (1991 - 4 Marks)

{r+m)! (r+k+1}![ n_ k }

E
Eﬂ("_“’}T= Kl Lr+l re2
nm

k

Ans. Sol. Let pp= %

m=0

(n—m)(r+m)! =(r+k+1}![ n k }

! k' Lr+l re2
For k = 1, we will have two terms, on LHS, in sigma for m =0 and m = 1, so that

LHS = {n—{});—;+{n—l}%

and RSH = (r+2}![ n 1 ]

1! r+l rs2

Hence LHS = RHS for k = 1.

Now let the formula holds for k = s, that is let

Z‘: (n—m) (?‘+m)1;=[r+s+1}1( n 5 ] (1)

m=0 m! 5! r+l r+2

Let us add next term corresponding to m =s + 11i.e.

(n—s-1D(r+s+1)!

adding D!

to both sides, we get

E[n—m}(r+m}1=(r+3+l}![ n___s ]

' m! 5! r+l1 r+2

(n—s-(r+s+1)!
(s+1)!

~ (r+:r+1)![|[5+1)” _5G+D +n—5—1]

(s+1)! L r+1 r+2
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{r+5+1)!l: =5+1
= e M

+1 —(s+1){$+1 ]

(r+5+2) {r+5+1}[[ n _5+1}

- (s+1)! r+l r+2

Hence the formula holds for k = s + 1 and so by the induction principle, the formula
holds for all natural numbers k.

2n In
Y ax-2"= X bhk-3)
Q.14. If =0 r=0 and ak = 1 for all k > n, then show

that bn =2"Cn+1 (1992 - 6 Marks)
Ans.

Sol. Given that

n n

3a,(x-2 =3 bx-3"....(1)
r={ r={
and a=1Yk2n

To prove b,=2""'Cy.1 In the given equation (1) letus put x -3 =y sothatx -2=y +1
and we get

In In
2 a1+ =250
r=0 r=0

= ay+a (1+3)+ _a,_+(1+) 1+
i RS S

In
= 25" [Using a}, = 1, V k=n]
r=0

NOTE THIS STEP :
= nCn + n+1Cn+ n+2 Cn +““+ 2nCn — bn
= (n+1Cn+1+ n+1Cn) + n+2Cn +““+ 2nCn — bn

[Using "Ch="*1Ch+1= 1]
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= b =""2Chs1+ " 2Ch+...+ 'Cy

[Using ™C; + ™C;..1= ™" 1C/]

Combining the terms in similar way, we get

= by= 2"Cps1 + 2"Cp = by =" *1Cp 41

Hence Proved

Q.15. Let p > 3 be an integer and o, B be the roots of x> — (p + 1)x + 1 = 0 using
mathematical induction show that "+ f".

(i) is an integer and (ii) is not divisible by p (1992 - 6 Marks)
Ans.

Sol. Since a, B are the roots of X2 —(p+1)x+1=0
sat+B=ptl; afp=1

Herep>3andp€eZ

(i) To prove that a” + " is an integer.

Let us consider the statement, “a" + " is an integer.”

Then for n = 1,0+ p =p + 1 which is an integer, p being an integer.
~Statement is true forn =1

Let the statement be true for n <k, i.e., o + B¥is an integer Then,
ak T+ BT = ok o+ BRB

= (X +§4) + (o + B -op¥ -0 B

= (0 + B +B) -op(at +p

= (@ +B)(o K+ B - (oK) (1) [as of = 1]

= difference of two integers = some integral value

= Statement is true forn =k + 1.

~By the principle of mathematical induction the given statement is true for v ne N .
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(if) Let Ry be the remainder of o +B" when divided by p where 0 < Rn <p-1
Sincea+pf=p+1 ~R:

=1 Also a?+ p?>= (a+b)?> 20 =(p + 1)? -2
=p?+2p-1=p(p+1)+p-1

~R2=p-1

Also from equation (1) of previous part

(i), we have o™ +8™ = (p + 1) (a" +p") - (o™ + ™) =

p (0" +B") + (on +pn ) - (o™ +B™)

= Rn+1 IS the remainder of R, — Rn-1 when divided by p

~We observe that R, - Ri=p-1-1

~R3=p-2

Similarly, R4 is the remainder when Rz — Rz is divided by p
where Rz3— R =p-2-p+1=-1=-p+(p-1) ~Ra=p-1
Ri—Rs=p-1-p+1=1 ~Rs=1
Rs—Rs=1-p+1=—p+2 ~Re=p-2

It is evident for above that the remainder is either 1 or p -1 or p — 2.
Since p > 3, so none is divisible by p.

Q.16. Using mathematical induction, prove that tan *(1/3) + tan * (1/7) + ..... tan’
Y1 /(n*+n+ 1)} = tan {n /(n+ 2)} (1993 - 5 Marks)

Ans. Sol. To prove
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Forn =1, LHS =m-'%;

RI—IS=tan“% — LHS = RHS.

~P(1) is true.

Let P(k) be true, i.e.

tan ™! G] +an [%] o '"'m_l(k? +1 k+ 1]=m_1 (%]

Consider P (k + 1)

tan_11+tan_ll+....tan_l( > 1 ]
3 7 E +k+1

afl 1 )
+ran L(k+1)3+(;:+1)+1J

—tﬂﬂ_l kF+1
B (k+1)+2

LHS = t:m'l[ K } a1 ) [Using equation (1)]

+
(c+2 (&2 +3k+3

B
(k+2 g% +3k+3

_—tﬂﬂ.l
1 (k+ ( 2+1 ]
k 3k+3

- [(k+l}{k! +2k+2}jl I (%) -
+

(k+3)k2 +2k+2)

~P(k + 1) is also true.

Hence by the principle of mathematical induction P(n) is true for every natural

number.

E

Z(_;}r—l 3rrc-2r_1 =0
Q. 17. Prove that =1
positive integer. (1993 - 5 Marks)
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Ans. Sol.

k
3
To evaluate 3 ) 3"C'2r_] where k= ?"

r=l

and n is +ve even interger.

Letn = 2m, wherem ez~ - j_32m _

3
2 m

u 13 Im 16
2T TGy =2 YT MGy
r=1 r=1

=bmp _36mp,  26mo (1)

Now we know that

(1 -I-ﬂ}ﬁm— I,:l—ﬂ'}ﬁm {Ej
= [mCla+mCai+MmCa+.. ]

Keeping in mind the form of RHS in equation (1) and in equation (2)

We put g=4;/3 in equation (2) to get

Qi3 -+ 5™

=205 i3 5™ €33 + 5™ €33 ]

= 1B -0

= 2B -3 +3 e 1.3
Butl+if3=2(cosn/3+isinm/3)

(L+iy3)%™ = 25™ (cosm/3+isin 7/ 3)5™

NOTE THIS STEP

Gmm

— 26m [cm?ﬂ'smT] [Using D’ Moivre's thm.]
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Similarly,

(l—f\f?n_]ﬁm =26m [cusm%—fm%j

A+ — =i 3™ = 25" 2sin 2mm = 0
Substituting the above in equation (3) we get

'Emcl —3.ﬁm{:'3+32 GMCS—.....=D

k
-1 5
— 27T Gy =0

r=1

Hence Proved

Q.18. If x is not an integral multiple of 27 use mathematical induction to prove

that : (1994 - 4 Marks)

H+1l | nHx X
cosx+cos2X+ . +COSMX= (08— X5l — COS8C —

2 2 2

Ans. Sol. Let P (n): cosx + cos 2X +....+ cos nx

= cus%ﬂxm% Cos ec % o.(1)

where x is not an integral multiple of 2 p .

Forn=1P(1): LH.S. =cosx

R.H.S.:m%m%mm% — cosx

L.H.S. =R.H.S5.

= P (1) is true.

Let P(k) be true i.e.

COS X + COS 2X + ....+ cos kx
=|::usﬂxsinE cosec > ..(2)
2 2 2

Consider P(k + 1) :
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COS X + €0S 2X + ....+ cos kx + cos (k + 1) x

[k+2] . (E+1Dx T
= cos| ——xsin cosec —

2 2

L.HS. [cosx+cos2x +...+coskx+cos(k+1)x
- ms[%] xsincnsec% %+ms{k+1}x [Using (2)]

= [cns [E] Jcs.cinE +cos (k+1)xsin E:l cosec
2 2 2 2

= %[Ecns%sin% +2cos (k+1)15in§]msec %

2 2 2

- l[zcns (hz)xsin(hn]mec% = R.H.S.

~P (k + 1) is also true.

Hence by the principle of mathematical induction

P (n)istrue Vne N.

Q.19. Let n be a positive integer and (1994 - 5 Marks)
L+xX+xX)"=ag+ X+ .o, + azn X
Show that ap? — ai2 + az” ............. + azn’ = an
Ans. Sol. Given that,

(L+x+x)"=ag + a1X +....+ aznx?"....(1)

where n is a +ve integer.
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Replacing x b}'—%in eq n (1), we get

n
[1_1+L] cap-B 2 B, L (2)

Multiplying eq.’s (1) and (2) :

A+ x+x)" (2 —x+1)"
xln

i

.

xlu

a a
— (g + X+ +ay, x"™) (4 —?1+—§+ ot
]

Equating the constant terms on both sides we get

2_ 2 .2 2 2 ) .
ay —a@ +a3 —a3 + ...+ a3, = constant term in the expansion of

[(1+x+x)1-x+x)]"

2n
£2

= Coeff. of x?" in the expansion of (1 + x% + x*)" But replacing x by x2 in eq’s (1), we
have

(1 +x2+xH"=ag+ arx? +....+ azn (X2)*"

~.Coeff of x2" = a,

. g 2
Hence we obtain, @ -af +a3 —af +...+a3, = a,

Q.20. Using mathematical induction prove that for every integer n > 1, (32"-1) is
divisible by 2"2 but not by 2"*3, (1996 - 3 Marks)

Ans. Sol. Forn=1,32"-1=321-1=9-1=8 which is divisible by 2"?=23%=8 but is
not divisible by 2" =2%=16

Therefore, the result is true for n = 1.
Assume that the result is true for n = k.
That is, assume that 32k —1 is divisible by 2 **2 but is not divisible by 2" *3,

Since 32X —1 is divisble by 2¥*2 but not by 2% *3,
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we can write 32k —1=(m) 2X*2 where m must be an odd positive integer, for otherwise
32— 1 will become divisible by 2% *3,

2
Forn =k +1, we have 28! _, %2 ,_ (32*] 1

= (m.2k*2 + 1)2 — 1 [Using (1)]
=m2.(2K*2)2 + 2m.2x*2+ 1-1
=m2.2%*4 4+ m.2k+3
=2Kk*3(m2.2%k* 1+ m))

= 3%*1_1 is divisible by 2k*3 .

But 3%<*1 — 1 is not divisible by 2*** for otherwise we must have 2 divides m?2. 21+
m.

But this is not possible as m is odd.
Thus, the result is true for n =k + 1.

Q.21. LetO<Aj<pfori=1,2..., n. Use mathematical induction to prove that
(Al +A2+.__._+AH]
sin Ai +sin Az... +sin An < nsin n

where > 1 is a natural number. {You may use the fact that p sin x + (1-p) siny <
sin [px + (1-p)y], where 0 <p<1and0<x,y<m} (1997 - 5 Marks)

Ans.
Sol. For n =1, the inequalitity becomes sin A1 <sinA1 , which is clearly true.

Assume that the inequality holds for n = k where k is some positive integer. That is,
assume that

sin Ay +sin A, + ... +sinAp =k sinc_:;;sm(’iﬁ“!?;“"h‘!*] ....(1)

for same positive integer k.

We shall now show that the result holds for n = k + 1 that is, we show that
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sin Ay + sin Ao + ... + sin A+ sinA) 44

< (k +1)sin ['il +‘42;'i'+ A’Hl) .(2)

L.H.S. of (2) = sin A; + sin As + .... + sin A+ sinA} 14

A+4+ + 4

E.il:sin[ I ]+5jﬂfik+1

[Induction assumption]

E 1 _
=(k+n[ﬁm“+k+1m’#‘”}

A+ A4 A
where u+%
~LHS nf(Q}EI[kH)[[l— k ]u.+ ! sin 4 1:|
T E+l E+1

- k 1
£ (k+1)sm{(l— m] o +mA*+]}

[Using the fact p sin x + (1— p) sin v < sin [px + (1— p)v]

Thus, the inequality holds for n = k + 1. Hence, by the principle of mathematical
induction the inequality holds for all ne N.

Q.22. Let p be a prime and m a positive integer. By mathematical induction on
m, or otherwise, prove that whenever r is an integer such that p does not divide
r, p divides ™Cy, (1998 - 8 Marks)

[Hint: You may use the fact that (1+x)(™%Yp = (1 + x)P (1 + X)™]
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Ans. Sol. We know that "¢, =— "'IC '

e, - ’”P el

m_w—lcr_l
il .

r

Now, L.H.S is an integer
= RHS must be an integer

But p and r are coprime (given)
-r must divide m. ™PC,

m. ™1
or ———*71 iz an integer..
-

L

= ris an integer or " PCy is divisible by p

P

Q.23. Let n be any positive integer. Prove that (1999 - 10 Marks)

(2n—k) fm
ml k) @n-dkeD |m) )
Z[En ] (- 2k+1} [Zn Em]

n n—m

for each non-be gatuve integer m < n.m<n LH&'&[P } =P, J
q

Ans. Sol.

g gy (2n= 4D
(")

k

n

n—2k
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)
Form =0, LHS = ~22 0% gn_ 1 on

W

[-m=0=k=0]
~P(0) holds true. Now assuming P (m)
L.H.S.of P(m +1)=LH.S. of

[En—m—lj
m+1 (2n—4m—-3) p-2m—2
Plm)+ [En—m—lj ) (23‘:—21'1!'.*—1}'2

1

nlin—m)! 4 om
~ m!(2n—-2m)!’

nlin—m-D12n—4m-3) yn-2m=2
* (m+)!(2n—-2m-2)!2n-2m-1)
_ nln-m-prmm?
T (m+D2n-2m-1)!

(n—m)4(m+1)
* {W+ (2?1—4?::—3)}

_nln—m-pn "2 n-2m-1)
- (m+1D)!(2n—2m—1)!

n
_ aln—m-pnrIimd [m+J e
T m+DI2n-2m-2)! =[2n—2m—1] 2
n-m-1

=R.H.S. of P(m+1).

Hence by mathematical induction, result follows for all 0 <m <n.
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Q.24. For any positive integer m, n (with n = m), let [:J ="C,, .

provethat () —(3-22)
Hence or otherwise, prove that

[:J+2'[”:}+3{”;2}+_____+(n—m+1}[$=[;E} (2000 - 6 Marks)

Ans. Sol. Given that for positive integers m and n such that n >m, then to prove that
"Cn+ " 1Cn+" Cp+....+ "Cr=""Cm+1

L.H.S."Cn+ ™*1Cpy + M*2Cpy +....+ "Ciy + " Cny

[writing L.H.S. in reverse order]

=(M"1Cme1 + ™" 1Cp) +™*2Cp +....+ "'Cp +"Cn

[ "Cm ="*Cm+1]

= (M*2Cp+1 + M 2Cy) + M*3Cp +....+ "Cpy

[+ "Ci+1+"C="1C 4 4]

— m+3Cm+l + m+3c:m +... .+ nCm

Combining in the same way we get

="Cm+1+"Cn="*"Cn+1= R.H.S.

Again we have to prove "Cm+2 " !Cm+3" 2Cn+...¥ (n—=mM+ 1) "Cy ="*2Cn+2

=[MCm+ " Cm+" Cn+...t "™Cp] +[" 'C + " C+...+ "Cn ] + [
2Cmn +.oat "Cp] +....4 [ "Cni]

[n —m + 1 bracketed terms] = "*'Cm+1+ "Cn+1" *Crsz....¥ " 1Cis1
[using previous result.]

:n+2Cm+2
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[Replacing n by n + 1 and m by m + 1 in the previous result.] = R.H.S.

Q.25. For every positive integer n, prove that V(41+1) <vn+yn+1<Jan=2ance or
other wise,

prove that [+ i+ 1DI=1an+11 o o [x] denotes the greatest integer not exceeding
X. (2000 - 6 Marks)

Ans. Sol. Forn > 0 (45515 0,yn+n+1>0andJan+2 >0
Now.\dn+1<Jn+/n+1</4n+2 to be proved.
I. To proveJan+1 <Jn+n+1

Squaring both sides in J47:1 < Ja+Jr+l

=4n +1<n+n+i+ 2 ynn+1)

= < \fn(n+1) = n < Jn(n+which is true.
II. To prove [+ Jn+l<Jdn+2

Squaring both sides,

N+ 0+ 1+0nm+D) < 4n+2

= 2,/n(n+1) <2n+1 Squaring again

4[n(n+1)] < 4n® + 1+ 4n or 0 < 1 which is true

Hence [4n:1<Jn+Ja+1<an+2

Further to prove [¥2+¥n+11=[J41+1lyye have to prove that there is no positive integer
which lies between

Vin+land Jazo3 or [W4n+11=[y4n+2] Using Mathematical induction.

We have to check [ fan+1]=[/4n+2]forn=1

[\51=[{6] =2 = 2, which is true
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Assume for n = k (arbitrary)

i.e., [V4k+1]=[/4k+2] To prove forn =k +1

To check [4k + 5] =[J4k + 6] since k=o

Here 4k + 5 is an odd number and 4k + 6 is even number.

Their greatest integer will be different iff 4k + 6 is a perfect square that is 4k + 6 = r?

r!

I
Sogk + 6

is not integer. But k has to be integer..

(1]
= k= —
4

L=

annot be perfect square.

]

= [J4k+5]=[ /4% +6]

By Sandwich theorem
= [Wa+Jn+l]=[Jan+1]

Q.26. Let a, b, ¢ be positive real numbers such that b? - 4ac > 0 and let a1 = c. Prove
by induction that

2
ack,

{bz —Qafoy +otq +..F o,

0., = | is well - defined and

o= hfq::urzllljri=1,_'1!=...
2

(Here, ‘well - defined’ means that the denominator in the
expression for a,+1 iS not zero.) (2001 - 5 Marks)

Ans. Sol. We have a, b, ¢ the +ve real number s.t. b? — 4ac > 0; a1= C.

ﬂ'{I2

Pin)a, = z
" E:Z—Ea{m1+a2+....u:,,)

is well defined and «,4 < “T“,vn=u,_.._

aof ac*

Forn=1, o, = -
T B 2an; B -2ac

Now, b? —4ac > 0 = b?—2ac > 2ac >0
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= a?is well defined (as denomination is not zero)

s B2 —2ac>ac
{IE 1 {12 1
: T
"‘!L]SCH 1 c 1 — c 7 o )
b2 _2ac 2ac

~P(n) is true for n =1.
Let the statement be true for 1 €n<kie.
_ ao}

b? —2alog +op +..0y)

Cg41 is well defined

and o< U‘?"
Now, we will prove that P(k + 1) is also true

2
Qo E+1
b* —2aoy 4o+ +op +0p)

ie. Cp2=

- o
well defined and  a;,, < —L

We have

c oy € O3 ¢
Oy =C.00h ©—, 0 € —= o — c—<¢—_ (hv
1 R TR AL A ~ (bv IH)

A
Now, (0g:+0p+. O +0gy <CHo+ 2_:;+""+_

c[l 1 ]
T ak+]
=—2=2c:[1— 1 ]f:Zc:

1-1/2 okl

O +0p+. 40 <2
= -—a(oy+o0y+. . +0p.)>—4ac

= b —2a(og +oy+ .. +0py) >B —4ac>0
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~0k 1+ o is well defined. Again by IH we have
o
Ug4] < Tj‘ = 2og4 <0

= ‘I{*EH < ca:% [Asbydef ap, .0 are+ve]

2
(v 8
= doy, <—F-

Orn

b? —2aloy +oty +..+ o)
a

= 40?.;_._1 <

= dao; <b’ —2afoy +oy+.+0y)
= Jaog <b? —2aloy + 0+ 40 + 0]
2
ac 1
= k+1

< =
B —2a(o; +oy+ +0y.) 2

Aok O+l
= 2 <
b -la(og+oq+.+ogy) 2

o
K+l
= g4 < N

~P(k+1) is also true.
Thus by the Principle of Mathematical Induction the Statement P(n) is true ¥V ne N .

Q.27. Use mathematical induction to show that (25)™* — 24n + 5735 is divisible by
(24)*foralln=1,2, ........ (2002 - 5 Marks)

Ans. Sol. Let P(n): (25)"*!—24n + 5735 Forn =1.
P(1) :625 —24 +5735=6336 = (24)2 x (11),
which is divisible by 242.

Hence P(1) is true Let P(k) be true, where k> 1

= (25)k*1- 24k + 5735
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= (24)?L where L € N

Forn=k+1,

P(k+1) : 25 k+2-24(k+1)+5735
=25[(25) k + 1 — 24k + 5735]

+25.24.k — (25) (5735) + 5735 - 24 (k + 1)
=25 (24)2\ + (24)2 k — 5735 x 24 — 24
=25 (24)% L + (24)? k — (24) (5736)

= 25 (24)2 0+ (24) 2 k — (24) 2 (239),

= (24)? [25 L + k — 239]

which is divisible by (24)2.

Hence, by the method of mathematical induction result is true V ne N .

Q.28. Prove that (2003 - 2 Marks)
SN

e )

Ans. Sol. To prove that 2F "gy"c, -2 "m0y, + 252 "oy 20y
—t (-DFrC R, M G
LHS of above equation can be written as

k
E (_l}r Ek—r n Cr"_rc.k—r
r=0

k
kT n! (n—r)!
= Eﬂ{ 1:' 2 J‘!{i‘l_r}-r {k—i‘]“:"_k}r
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nlk!

k
rk-r
=202 rikl(n—k)l(k—r)!

r=0

L 2w k!

= Z[_l}rg'k!(n—k)! r itk —r)!

r=0

k!
rllk—r)!

k
=2k e 3 (-1
r={

k
=¥y Re -2y =2F "o a-12)F

r=0
—%*nc, L _nc, R.H.S. Hence Proved

2]:
Q.29. A coin has probability p of showing head when tossed. It is tossed n times.
Let pn denote the probability that no two (or more) consecutive heads occur.
Prove that p1=1, p:=1-p?and pn=(1-p). pn1+ p(1 - p) pn2 for alln>3.
Prove by induction on n, that p. = 4a" +B8" for all n > 1, where a and b are the
roots of quadratic equation

p2+|3—21,3=p1+u2—1_
cf—a af—B

x2— (1- p) x—p (1— p)=0 and 4=

Ans. Sol. Wehavea+pB=1-pandap=-p (1-p)
Forn=1pn=p1=1

(p”+p —1)u

Also, Ag™ + Bp"=Aa+Bp = 5
cf—c

[p2+u -1)B _p2+]3—1 p2+u—l
+ - 5= +
ap—p - o—p

_p! +p —l—pz—{x+l_ p-a
P-o f-o

1

Fr::»rn=2=p2=1—p2
Also, Au™+ Bp" = Aa’ + Bp?

_@+p-na’ @ +a-1)p
2 2

apf—o af —a
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which is true forn =2

Now let result is true for k < n where n > 3.
P=(1-p)P, _+p(1-p)P, _,

= (1-p) (o™ 1 +BB" ~ )+ p(1-p) (o™ 2+ B™ )

Ao {(1p)a+ p(-p)} + Bp*{(1-p)B-p(-p)
Au" 2 {(a+B)o—ap}

- BB" {(a+B)B—op} by (1)

= A" {0 +Po—op}+ BB 2 {af+ B —af}

Amn—i{uﬂ}_l_BBH—E {BE} - da” +B.B:n

This is true for n. Hence by principle of mathematical induction, the result holds
good foralln e N .
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Integar Type ques of Mathematical Induction and
Binomial Theorem

Q.1. The coefficients of three consecutive terms of (1 + X)"™°are in the ratio 5 : 10 :
14. Then n = (JEE Adv. 2013)

Ans. (6)
Sol. Let the coefficients of three consecutive term s of (1 + x)"*°
be "+ 5Cr—1, n+ SC“ n+ 5Cr+1,

then we have "*°C,1 : "*3C, :"*5C;+1=5:10: 14

n+s cr—]. B 5 r

1
= — -
“+5cr 10 n+6-r 2

orn—3r+6=o0..(1)

ntl
c, 10_ r+l

Se L 14 n-r+5

Also

_2
7
or5n —12r + 18 = o (2)
Solving (1) and (2) we get n = 6.
Q. 2. Let m be th e sm allest posi tive i n teger such th at th e coefficient of x? in the
expansion of (1 +x)2+ (1 +x)3+ ... + (1 + x)*® + (1L + mx)*®is (3n + 1) 51C3 for some
positive integer n. Then the value of n is (JEE Adv. 2016)
Ans. (5)

Sol. (1+Xx)P2+@A+x3+....+(Q+x)*+(1+mx)*®

1+x)*¥ -1

=(1+xp [m} +(1 +mx)0

= %[(H 1{35“ - +:f.:|2 }+ |.fl+11:|:l;]|5uI
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Coeff. of x? in the above expansion = Coeff. of x3 in (1 + x)°® + Coeff. of x? in (1 +
mx) %

= 50C, + 59C, m?
« (3n + 1) 51Cy = 50C; + 5°C, m?

30 50
C C
VAR S T P

51
G TG

16 1 , m® -1
:>3n+1—ﬁ+ﬁﬂ1 =n= 51

Least positive integer m for which n is an integer is m = 16 and thenn =5
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